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A technique employing momentum equations ave raged  over  channel sect ion is used to obtain 
the kinetic coefficients descr ib ing noniso thermal  flow cf a gas  mix tu re  in a cap i l l a ry  at  in-  
t e rmed ia te  Knudsen number  (Ka _< 0.25). 

Analysis  of gas  mixture  flow in a cyl indrical  channel at a r b i t r a r y  values of Knudsen number  is usually 
based on use of a l inear ized  kinetic equation with model  BKG coll is ion in tegra l  in the H a m e l - O c h u g i  f o r m  
[1, 2]. The cons t ra in ts  of this model do not p e r m i t  considera t ion of thermodiffusion effects ,  nor  does the model  
provide sufficient  a ccu racy  fo r  de termining such quanti t ies as the t he rma l  and diffusion sl ip coeff ic ients ,  even 
in the l imit  of smal l  Knudsen numbers  [3]. In [4, 5] a method was developed for  calculat ion of kinetic coeff i -  
cients for  a noniso thermal  mix ture  flow in a channel,  based  on averaging  over  the channel sect ion a s y s t e m  of 
momen t  equations obtained by l inear iz ing the kinetic equation with exact  Boltzmann coll is ion integral .  In [6] 
this method was used to obtain express ions  for  a Poiseui l le  flow, t h e r m o c r e e p  flow, and heat  flow in a pure  gas 
in a cyl indrical  charmel. The r e su l t s  a r e  valid over  the range 0 < Kn _< 0.25. In the p re sen t  study the c o r r e -  
sponding kinetic coeff icients  cha rac te r i z ing  noniso thermal  flow of a gas  mix tu re  in a channel will be calculated.  

We will cons ider  the slow flow of a gas mix tu re  in a c i r c u l a r  cap i l la ry  of radius R under  the action of 
re la t ive  par t ia l  p r e s s u r e  gradient  k~ = p~10dpe/dz and re la t ive  t e m p e r a t u r e  gradient  ~- = To i d T / d z .  At low 
values of these  gradients  we may s e e k  the dis t r ibut ion function in the f o r m  

f~(v~, r, z )=  f~o [l + k~z + T z ( ~ v 2 - -  + )  +(I)a (v~, r ) ] ,  
(1) 

f~o = n~o ([~=/a) 3/2 exp (--  [~v2), [3~ = m~/2kTo, 

where  the nonequi l ibr ium addition to the distr ibution function ~ ~ is de te rmined  f r o m  the l inear ized  Boltzmann 
kinetic equation [7] 
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r OVer r Ovc~ ' t3 
(2) 

Multiplying Eq. (2) success ive ly  by 1F~(%)exp(--c~) , where  T~(%) = c~; c~c~j -~ c~6~j, c~ c ~ - -  

P,1/2 v and c~c~jc~ - -  --~1 c~ (c~i6jh + c~jSik + c~6~), % = w ~ , then integrat ing over  ve loci t ies ,  in the case  of cy l -  

indrical  p rob lem geom e t ry  we a r r i v e  at moment  equations of the fo rm 

~_ O__~rp~r= + p~ok= -- , (3) no [D~]I m~n~o rn~n~o 

2 h  1 ms 0 tn~s . . . .  -k --~ ~ + p,~ou~,~ + - -  (s . . . .  - -  s ~ )  = - -  p~ ~ a~p~/p~o , (4) 
Or , r I~ 
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25 P~ "~ d~me, s~,.,,/p~,o, (6) 
4 T O "~ 
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25 ;~ ~ (7) 
4 T o 'ii ~ d~e'm~sl~'~/P~~ 

G e n e r a l  e x p r e s s i o n s  f o r  the  m o m e n t s  of Uc~z, Pc~rz, h a z ,  s a i j k ,  and IIc~ijk/, def ined  on the nonequ i l i b r ium p o r -  
t i en  of the  d i s t r i bu t ion  funct ion,  a r e  p r e s e n t e d  in [4]. In Eqs .  (3)-(7) [D~/?] 1 c o r r e s p o n d s  to  the f i r s t  a p p r o x i -  
mar ion  to the  mutua l  d i f fus ion  coef f i c ien t  of a b i n a r y  m i x t u r e  of ~ -  and / ? -mo lecu le s  [8], whi le  the coe f f i c i en t s  

~/?, ac~/?, and ba /?  w e r e  ca l cu l a t ed  in [91, and dc~ p in [4]. 

F a r  f r o m  the wa i l s  th is  s y s t e m  of equat ions  c o r r e s p o n d s  to the we l l -known  2 0 - m o m e n t  G r a d  a p p r o x i m a -  
t ion to the d i s t r i bu t ion  funct ion [10], which  when l i n e a r i z e d  r e l a t i v e  to s m a l l  va lues  of the d i m e n s i o n l e s s  t oo -  
m e a t s  leads  to the r e s u l t  

as as --1 as _ly 
(I)~ (c~, r) = 2~/2 (u as 4- w~z) c=: 4- 2p~0 p~,~c~ce~ 

. . . .  - -  ~ / ~ ~ s ~ .  + s~ ,~  c/,~ + --~ s ~  c ~  ) , 
o \ 

w h e r e  the s u p e r s c r i p t  as  deno tes  a s y m p t o t i c  va lue s  of the c o r r e s p o n d i n g  quant i ty  ( i .e . ,  va lues  outs ide  the 
Knudsen  l aye r ) .  F o r  a b i n a r y  m i x t u r e ,  the  e x p r e s s i o n s  f o r  t h e s e  a s y m p t o t i c  va lues  a p p e a r i n g  in Eq. (9) have  
the f o r m  

as 
p ~  (r) - 

as [D~.a]29~0 ( d 1 dp 1 dT  
w~; = (--  1) ~ 9'i + tl~u6 [%,h - -  - -  4- gc~gt~ [c%]1- -  - - i  [~ =/: c~; 

9og~g~ ~ z  ~ ~ Po dz T O dz ] '  

r ~lc~ dp h~C 5 ac~po [D~.~h d + 2Toyc~ , dp , d T  ~35z: ; - - -  ) ~ c r  , ~z; 
2 n dz 2 dz 

^ d p  . as as as as 
S~zrraS __ 2516 T~ IThaCa 6o_~Z ' Scc2ff)q): Sazrr, ~ So~zzz __--2Sczzrr. 

(10) 

, E x p r e s s i o n s  f o r  the  coe f f i c i en t s  ~?o~, [Doz/? ]2, [~p]2, and [C~T] 1 can be found in [9], whi le  those  f o r  o~c ~, 
k s ,  and 6oz a r e  g iven  in [4]. Summing  Eq.  (3) o v e r  c~ and in t eg ra t ing  o v e r  r ,  we  a r r i v e  at  an e x p r e s s i o n  f o r  
the  full v i s cous  s t r e s s  t e n s o r  P r z ,  va l id  o v e r  the  en t i r e  flow region:  

p ~  (r) = ~ p~,,~ (r) = r d p  
- -  - 2  dz ( l i )  

The values of p~rz(r)  are found by solution of Eq. (4). Substituting these values in Eq. (11) and integrating the 
expression obtained over r, we obtain 
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R 

t ' mc~ (r') dr'} 1 dp (12) - -  hc~ z (r)] ~- Pao [blaz (R) - -  1.1.~z (r)] -~ - - 7 - -  [s . . . .  - -  Sezzq)q~ (/.r)] = Y ( R 2 - - r 2 )  dz  
r 

We wil l  now obta in  a v e r a g e d  e x p r e s s i o n s  f o r  the r e d u c e d  t h e r m a l  f lux,  the d i f f e r ence  be tween  the flow 
c o m p o n e n t  v e l o c i t i e s ,  and the m e a n  m o l a r  m i x t u r e  ve loc i ty .  A v e r a g i n g  Eqs .  (3), (5)-(7),  and (12) o v e r  channel  
s ec t ion ,  we have  
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na~176176 ((Uc, z) -- ( u ~ z ) ) + ~  ( (haz )  <h~z) )]=L~I, 
no [D~h m~n~o m~noo 

T o  - 

To ~ 

(13) 

(14) 

(15) 

Po 1 ~t=Yg' ( s==,.,, > + < s = ~  > ) + ~ -  < h=~ > + P=0 < u:. > ] = L~, 

where  

2 

4 [ g . . . . .  ( R )  + n = ~  (R) + I I ~ . =  (R) - -  5 L~ = ~ . y p~(R)I  + p~o~, 

L=3 = -~R [3H .. . . .  (R) + 3 I I ~  (R) - -  2II~zm (R)], 

- -  1 --t L~:= R ~ dp + Po' I~Y~ m~s~,,,~(R) + h~,~(R)+ po, oU,~(R)], 
8 dz 

R 

2 j Q~(r) rdr. < = - K  

0 

In pa r t i cu la r ,  fo r  a binary mixture ,  solution of s y s t e m  (13)-(16) gives  

(16) 

< u u > -  ( tt2~ > [D'2I~ [ Ln -i- 5 (Ll~_az q- L~2a~) ] , (17) 
PcYx '.4~ 

2T o , L2ocr 2To 
- T p ~ -  (L1361 + L2n(~2) -~- L*~t -1, < Umz ) = - -  Ln [D12h [apl,,Pol + @2o [bl (L12apl + + (18) 

<h~> = - - [ L n I D J ,  l % h + - -  To (L~X~y.. + L=X~y~)] . (19) 
PoYlY2 

To proceed  fur ther ,  it is  n e c e s s a r y  to find values  of the unknown moments  on the channel wal ls ,  appear ing 
in the express ions  f o r  Lik. As in [4, 6], we will use Loya lka ' s  [11] approx imate  method. 

We introduce dis t r ibut ion functions fo r  incident and re f lec ted  molecules ,  so  that ~ a  = ~ +  fo r  Car  > 0 and 
C a  = r  fo r  cc~ r < 0. Using the conventional Maxwell condition fo r  molecule  ref lect ion on the wall  for  the func-  
tions ~ ~ at r = R, we have 

= 2 --1 as r (c~, R) 2lVJ%.~(a + ~ )  + p~.o p~r~ (~) c~c~, + 

4 a , / e - ,  as ( 9 __ 5 ,  t.aPi/2Vczz ( as # 2 s  . . . .  ~r as 2 _]_ ._~._1 saS C2 '~ -k---~-vo, m, oha~c~ cg~ -~)-~.2mo~p~o' @ so~z~co.o .... o ~ j , % ~ > 0 ;  (20) 

O~- (%, R) = (1 - -  • ~+ (-- c=,, c~, c~, R), Car < O, 

where  x ~  is the f rac t ion  of molecules  experiencing diffuse ref lect ion on the wall.  

Using Eq. (9) and the definition of Pc~rz, Eq. (1.9) of [4], on the channel wall,  a f t e r  calculating the c o r r e -  
sponding in tegra ls  with considera t ion of Eq. (20), we find the constant  a:  
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a=-- ( Z  •176 V-~R ~,~c,(2_x=)d__~_4_ ' 
o~ o~ 

p ~ o ~ +  -~  h ~ +  -~-s~ . . . .  
(21) 

If we employ Eq. (10), the quantity a is then e x p r e s s e d  in t e r m s  of the concentrat ion,  p r e s s u r e ,  and t e m p e r a t u r e  
grad ien ts .  Substituting this value in Eq. (20), we find the unknown quanti t ies on the channel wall  appear ing  in 

Lik. 

According to the t he rmodynamics  of i r r e v e r s i b l e  s y s t e m s  [12], the re la t ionship  between flows and g r a -  
dients can be e x p r e s s e d  in the f o r m  

< G)  /AqqAq,Aq~ ~ [" T-2dTldz 
(22) 

5 w where  <h~>=<q~>---~P~< ~ >  is the reduced mix ture  t h e r m a l  flux and :<u.,~o~>=F,g~<u~>e is the m e a n -  

mo lecu l a r  mix ture  veloci ty.  Af ter  the values  of Lik a r e  calculated and wri t ten  as l inear  combinations of the 
grad ien ts  of the cor responding  the rmodynamic  quanti t ies ,  compar i son  of Eq. (22) with Eqs. (17)-(19) will p e r -  
mit  e s t ab l i shmen t  of the explici t  f o r m  of the expres s ions  fo r  the coeff icients  Aik. These coeff icients  were  
obtained for  a p lana r  channel in [4]. In the case  of a cyl indrical  channel, the values  of Aik  coincide with the i r  
values  fo r  a p lanar  channel with a s imple  r ep l acemen t  of the channel width d by the radius  R, and r ep lacemen t  
of the quantity 6c~ by (3 /8 )6a .  Some dif ference occurs  in the express ion  fo r  Atom,  which desc r ibes  i so thermal  
Poiseui l le  flow of the mix ture  in the channel.  In this case  the f i r s t  t e r m  has  the f o r m  ToR2/87 instead of 
T0d2/12~7. In addition, in the sixth o rde r  t e r m  fo r  Atom it is n e c e s s a r y  to rep lace  the t e r m  in pa ren theses  
(11 - 2Tce) by (58/3  - 2To~). 

The s t r u c t u r e  of the coefficients  Aik is that  of an expansion in some effect ive Kaudsen number  fo r  the 
mix ture .  This  is espec ia l ly  convenient when we turn to the case  of a pure  (single-componont)  gas,  fo r  which 
the Knudsen numb er  is defined as Kn = ~?/pofii/2R. Corresponding expres s ions  for  the coeff icients  Atom, 
Amq =Aqm,  and Aqq fo r  a pure  gas,  in the f o r m  of expansions up to t e r m s  propor t ional  t o t h e  square  of the 
Knudsen number ,  a re  p re sen ted  in [6]. In the case  of a binary mix ture  these  coefficients  depend in a complex 
manner  on a s e r i e s  of p a r a m e t e r s  cha rac te r i z ing  the mix ture .  In the range of low Knudsen numbers ,  by l i m i t -  
ing the expansion to t e r m s  l inea r  in Knudsen number ,  we a r r i v e  at r e su l t s  cor responding  to the so -ca l l ed  
"viscous  flow r e g i m e  with sl ip."  Then 

R 2 

Here  X' is the t h e r m a l  conductivity coefficient ,  while ~ and A T a re  the viscous  and t h e r m a l  s l ip coefficients 
for  the binary mix tu re ,  which a re  given by 

8 V'~poy~q ' 

2~I 5po ~ Y~ 

where 

= ~1~ ( 2  - -  • 
2rl" 

B Z ~/2 . - - x  a~/2, B-~. 

The coeff icients  All,  Aim,  and Aiq a r e  r e l a t ed  to diffusion p r o c e s s e s  fo r  the mix tu re  flow in the channel.  
In pa r t i cu la r ,  the d i f ference  between the ave rage  component  veloci t ies  in the channel can be e x p r e s s e d  as 

1 0 0 1  



< u a z > -  <u2z) = D~ :( d 1 dp 1 d._~T I 
- -  ---YaY~ k ~ Y'q- YaY2ap--Po --dz @ kliYza'~ T O dZ ], 

The diffusion, barodiffusion, and thermodiffusion coefficients are  then re la ted  to the corresponding coefficients 
Aik as fellows: 

- I A I ~ p o T  ~ 1 "~ Jilq T ~  I. D,. = Any.ly~poTo ; Dm~ = Da~aT = 

In the region Kn ~ 0 the coefficients Dlz and a T  coincide with the conventional diffusion and thermodiffusion 
coefficients in a gas mix ture .  Under these conditions the barodiffusion coefficient proves  to be independent 
of channel geometry  and is defined by the express ions  presen ted  in [4, 5]. 

To i l lustrate  the dependence of D12, ap, ~T on mixture  molecular  p roper t i es ,  Knudsen number,  and the 
cha rac t e r  of molecu la r  scat ter ing on the walls,  it is useful to consider  a mixture  whose components have r e l a -  
t ively s imi la r  masses  and scat ter ing sect ions (Am/2m << 1 and A a / 2 ~  << 1), using the solid sphere  model fo r  
the molecules .  Also considering the possibil i ty of a small  difference in the molecular  ref lect ion coefficients 
on the walls, a f te r  simplifying the corresponding express ions  (for a mixture  with Yl =Y2 = 0.5) we obtain 

DI~. = [D,~12 (1 --  0.6523xKn), (23) 

D ~ p  -- [D~]~ [ 1. 1441 -t- • (0.1303 --- 1,2346Kn)] - ~ m  -~ 

@[0.0678-• 5o 5• } § [1.9322 - - •  (0.0339 --  0.1529Kn)] - ~ -  , (24) 

[ zmAm (0.3390 0.3086• + 0.3443• -~--x] DI~.~T = -- [D~]o (0.8898 -- 1,1114xKn) -7- - -  + -- h a  
" 2o 

(25) 

where 

Kn 5 V~- (V-~- noo~R)_~. 
8 

As would be expected, d i f ferences  between the values of these coefficients and the corresponding coeff i -  
cients fo r  a planar  channel [4] occur  only in t e r m s  which a re  of the highest  o rde r  in the expansion in Knudsen 
number  as compared to the conventional kinetic coefficients valid at Kn << 1. 

N O T A T I O N  

k~,T, relative partial pressure and temperature gradients; r, ~, z, variables in cylindrical coordinate 
system; Uaz, hydrodynamic velocity of a-component mixture; Parz, partial viscous stress tensor; haz, re- 
duced partial thermal flux; s .-~i., IIailk/, third- and fourth-order partial moments; R, channel radius; (hz), 
<Uc~z}, <Umz > , reduced therm~l~flux, ~ ;drodynamic  veloci ty of a -component  mixture ,  and mean-molecu la r  
mixture  velocity averaged over  channel section; Aik, kinetic coefficients;  z a ,  f rac t ion  of molecules  of a -  
component mixture  experiencing diffuse ref lect ion on wall; Di2, a_, aT ,  diffusion, barodiffusion, and the rmo-  p 
diffusion coefficients;  Kn, Knudsen number;  ~, A T, viscous and thermal  slip coefficients of binary mixture;  
X', the rmal  conductivity coefficient.  
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W A V E  P R O P E R T I E S  AND 

B O U N D A R Y  L A Y E R  

Y a .  A. V a g r a m e n k o  

S H E A R  S T R E S S  OF  A T U R B U L E N T  

UDC 532.525.2 

The wave theory of turbulence [1-3] is applied to the problem of a turbulent boundary layer  
nea r  a planar  wall. P re l imina ry  resul ts  ea r l i e r  published have been refined. 

In a turbulent flow the stat is t ical  ensemble state of l a rge - sca le  vor t ices  is descr ibed by the equation [2] 

ih O~ h z 
ot 2~ v% i=  V--T, 

where V 2 is the Laplacian. The special  representa t ion r = a exp ib makes it possible to obtain f rom (1) an 
express ion for  the energy of motion hw and an equation for  the probabili ty flow a 2 for  s ta t ionary turbulence 
(Oa2/Ot = 0): 

(1) 

1 h 2 
0~ = - -  pU 2 - -  - -  V2a , (2) 

2 2p a 

h div(a z grad b) = 0. (3) 

In this case hl grad bl =p U, ~ = a b / 3 t .  The negative t e r m  on the r ight-hand side of Eq. (2) ref lects  the 
s tat is t ical  aspect  of vor tex-par t ic le  interact ions,  and equals the fluctuation energy a 2p U2/2. Thus, 

v2a @ ]grad bl2a 3 : 0 (4) 

and, besides,  hw = (1 + a 2 ) p U 2 / 2 .  Since h = p U [ g r a d  bl -I, it follows that 

1 @ a  z 
~o - -  U [grad b]. (5) 

2 

The amplitude a coincides withthe local turbulence intensity u ' / U ,  where u' is the fluctuation in translat ional  
velocity. The representat ion of kinetic proper t ies  of vor tex-par t ic les  in t e rms  of wave charac te r i s t i cs  im-  
plies that the individual motion of vor t ices  is expressed in t e rms  of stat is t ical  ensemble proper t ies ,  thus 
forming a set of vor tex-par t i c les .  The probabili ty distribution of the amplitude a is such that in the region 
of wave existence 

a~db = 1. (6) J 
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